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Wilson loops in gauge theory
W =P exp(iJAﬂdx”)

Fundamental, gauge-invariant, non-local observables.
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Wilson loops in gauge theory
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xH(1)

Wilson loops in ./ = 4 Super Yang-Mills
W =P exp (J(iAﬂXN |)’c|(91c1)1> dt)

Locally supersymmetric, and protected from renormalization for smooth S
contours.
0'(1)

Amenable to exact computations.




xH(1)

Wilson loops in ./ = 4 Super Yang-Mills

W = P exp (J(iAﬂXM |)’c|91c1)1> dt)
SS

Locally supersymmetric, and protected from renormalization for smooth
contours.
0'(1)

Amenable to exact computations.

Dual to the open string in AdSs X S° incident on the contour on the
boundary: [Maldacena '98; Rey, Yee' 98

(W) = Zyging ~ €™
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Half-BPS Wilson loop . Cj’“”

W = P exp (J'(iAﬂjcﬂ + \)’C\qu)l) dt>

Circular spacetime contour: x¥(¢) = R(cos(?), sin(¢),0,0). Point on S>: 9! = 5'°. gl° s>



Half-BPS Wilson loop . N

W = P exp (J(iAMjCﬂ + \)’C\qu)l) dt>

Circular spacetime contour: x¥(¢) = R(cos(?), sin(¢),0,0). Point on S>: 9! = 5'°. gl s>
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[Erickson, Semenoft, Zarembo ‘00; Drukker, Gross ‘01; Pestun '‘07]
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Half-BPS Wilson loop - &
W = P exp (J(iAMXﬂ + |)'c\91q)1) dt>

Circular spacetime contour: x¥(¢) = R(cos(?), sin(¢),0,0). Point on S>: 9! = 5'°. gl s>

W = L]{,_l( gYM)eg%TM — ill (\/Z) ~ \/Z/l_%e\/z
T

) VA

[Erickson, Semenoft, Zarembo ‘00; Drukker, Gross ‘01; Pestun '‘07]
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A= " — 27 Z Neﬂ

Berenstein, Corrado, Fischler, Maldacena 98;
Drukker, Gross, Ooquri '99] ™




Conformal defects

Defects in QFT have been studied a lot in recent years for a variety of reasons:

® Boundaries, interfaces, and impurities in physical systems
® Generalized symmetries
® Entanglement entropy

® Constraints on RG flows ...
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Conformal defects

Defects in QFT have been studied a lot in recent years for a variety of reasons:

® Boundaries, interfaces, and impurities in physical systems
® Generalized symmetries
® Entanglement entropy

® Constraints on RG flows ...

In d-dim. CFT, one can study p-dim. conformal defects, which preserve SO(p + 1,1) C SO(d + 1,1)

One can then study the interplay of operators in the bulk and on the defect.
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Wilson line defect CFT

'he Wilson line (or circle) defines a 1d conformal defect. It breaks PSU(2,2|4) © SO(5,1) X SO(6) to the
1d superconformal group. OSp(4*|4) 2 SL(2,R) X SO3) X SO(S).
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Wilson line defect CFT

The Wilson line (or circle) defines a 1d conformal defect. It breaks PSU(2,2[4) = SO(5,1) X SO(6) to the
1d superconformal group. OSp(4*|4) 2 SL(2,R) X SO3) X SO(S).

We can define correlators of operators on the Wilson line

1 - .
(O(x))...0(x,)) = 7 (PLO(1)O(1y)...O(1,)e == Aot Ps)] >/V=4 .
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Wilson line defect CFT

The Wilson line (or circle) defines a 1d conformal defect. It breaks PSU(2,2[4) = SO(5,1) X SO(6) to the
1d superconformal group. OSp(4*|4) 2 SL(2,R) X SO3) X SO(S).

We can define correlators of operators on the Wilson line

1 - .
(O(x))...0(x,)) = 7 (PLO(1)O(1y)...O(1,)e == Aot Ps)] >/V=4 .

Detfect correlators arise naturally when considering small tluctuations of the contour. [Polyakov, Rychkov
'00:; Drukker, Kawamoto ‘06, ...]:

5 6 - 1 5 6
. 7 <% [xz,é) ]> — : i "'Zstring
(W) 6x'(x1) 66" (x,) Ltring 0X'(X1) 00'(x)

[x', 6']

( Di(xl)CDI(xz). L) =

Where D, = iF,, + D.®°, i = 1,2,3, is the displacement operator and ®(¢), I=1,...,5, are the
orthogonal scalars.
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Wilson line defect CFT

The Wilson line (or circle) defines a 1d conformal defect. It breaks PSU(2,2[4) = SO(5,1) X SO(6) to the
1d superconformal group. OSp(4*|4) 2 SL(2,R) X SO3) X SO(S).

We can define correlators of operators on the Wilson line

1 - .
(O(x))...0(x,)) = 7 (PLO(1)O(1y)...O(1,)e == Aot Ps)] >/V=4 .

Detfect correlators arise naturally when considering small tluctuations of the contour. [Polyakov, Rychkov
'00:; Drukker, Kawamoto ‘06, ...]:

5 6 - 1 5 6
. 7 <% [xz,é) ]> — : i "'Zstring
(W) 6x'(x1) 66" (x,) Ltring 0X'(X1) 00'(x)

[x', 6']

(D@ (xy)...) =

Where D, = iF,, + D.®°, i = 1,2,3, is the displacement operator and ®(¢), I=1,...,5, are the
orthogonal scalars.

These are dual to the 3 transverse fluctuations of the string in AdSs and the 5 transverse fluctuations in S°
18



Wilson line defect CFT

Operators are labelled by scaling dimension A under SL(2,R), and the representation under

the “global group” SO(3) X SO(5).

19



Wilson line defect CFT

Operators are labelled by scaling dimension A under SL(2,R), and the representation under

the “global group” SO(3) X SO(5).

The SL(2,R) fixes the two and three-point functions:

(00w =, (000} Cir
i‘xl \X2)) = 1 i.xl (X k'x3 — - — —,
J xlzzAl J ‘Xlz ‘Amk ‘ x13 ‘Alku ‘X23 ‘A]klz

Four point functions:

1
(0)...000)) = ——=G(),

A2 X34

X12X34
Where y = .

X13X24
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Wilson line defect CFT

This defect CFT has been studied extensively:

® At weak coupling using perturbation theory [Cooke, Dekel, Drukker "17; Komatsu, Kiryu "18; Barrat,
Liendo, Peveri, Pletka '21 ...]

® At strong coupling by considering fluctuations of the dual string [Giombi, Roiban, Tseytlin "17]

® Using localization [Correa, Henn, Maldacena, Sever "12; Giombi, Komatsu '18]
® Using integrability [Cavaglia, Gromov, Julius, Preti '21 '22, ...]

® Using the analytic conformal bootstrap [Liendo, Meneghelli, Mitev "18; Ferrero, Meneghelli "21]
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Correlators on the string

Our focus will be on the four-point functions at strong coupling in the planar limit (i.e. N = 00,4 = g7,,N : fixed,
and 4 > 1) involving a single scalar

In the dual string, this corresponds to considering weakly interacting fluctuations ot the string (i.e. g, =0,

A
T.=¢7'= 2£ > 1) in a subspace AdS, X §' c AdSs x S°.
/s
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Correlators on the string

Our focus will be on the four-point functions at strong coupling in the planar limit (i.e. N = 00,4 = g7,,N : fixed,
and 4 > 1) involving a single scalar

In the dual string, this corresponds to considering weakly interacting fluctuations ot the string (i.e. g, =0,

A
T.=¢7'= 2£ > 1) in a subspace AdS, X §' c AdSs x S°.
/s

We work with Poincare coordinates x € R, z € [0,00) on AdS; and polar coordinate y € [0,27] on Sl

dz? + dx?
ds’ = > + dy”.

We represent the boundary curve as (x, y(x)). & G 5
X, y(x

The unperturbed AdS; string correspondstoy =y = 0. i
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Correlators on the string

Our focus will be on the four-point functions at strong coupling in the planar limit (i.e. N = 00,4 = g7,,N : fixed,
and 4 > 1) involving a single scalar

In the dual string, this corresponds to considering weakly interacting fluctuations ot the string (i.e. g, =0,

A
T.=¢7'= 2£ > 1) in a subspace AdS, X §' c AdSs x S°.
/s

We work with Poincare coordinates x € R, z € [0,00) on AdS; and polar coordinate y € [0,27] on Sl

dz? + dx?
ds’ = > + dy~.

We represent the boundary curve as (x, y(x)). & G 5
X, y(x

The unperturbed AdS; string correspondstoy =y = 0. i

The Wilson loop / string is then a function of ¥(x) only and the correlators are:

0 o)
5Y(x))  69(xy)

) 0
(D). D)) = (). ¥()) = — 55Cr) 8500
string 1 4

= ~ ool —Saly]
Zstring[y] |~ ~ e e " |~ :
y=0. y=0



Correlators on the string in static gauge
[Giombi, Roiban, Tseytlin "17]

Nambu-Goto action with static gauge, x(s, ) = ¢, z(s, ) = s:
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Correlators on the string in static gauge
[Giombi, Roiban, Tseytlin "17]

Nambu-Goto action with static gauge, x(s, ) = ¢, z(s, ) = s:

= T, sza\/det(gaﬁ + (3ayaﬁY),

1

With boundary condition: y(0,f) = ¥(#). The induced metric is g,; = _250‘ﬂ'
s
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Correlators on the string in static gauge
[Giombi, Roiban, Tseytlin "17]

Nambu-Goto action with static gauge, x(s, ) = ¢, z(s, ) = s:

= T, sza\/det(gaﬁ + (3ayaﬁY),

1

With boundary condition: y(0,f) = ¥(#). The induced metric is g,; = —Oap
s

We can expand in small fluctuations:

S = TSsza\/g (Ly+ L, + Ly + ...),
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Correlators on the string in static gauge
[Giombi, Roiban, Tseytlin "17]

Nambu-Goto action with static gauge, x(s, ) = ¢, z(s, ) = s:

= T, sza\/det(gaﬁ + (3ayaﬁY),

1

With boundary condition: y(0,f) = ¥(#). The induced metric is g,; = —Oap
s

We can expand in small fluctuations:
S = TSsza\/g (Ly+ L, + Ly + ...),
Where:

1 af 1 af 2
LO: 1, L2=5g aayaﬂyl L4: _g(g aayaﬂy) :

We see that y(s, ) is a massless field in AdS, with a tower of interactions. Recall that m? = A(A — 1).

28



Correlators on the string in static gauge
[Giombi, Roiban, Tseytlin "17]

LN N

x| X X3 X

T2
V1)2Y3Ya) = S, ., T perms
T A3y
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Correlators on the string in static gauge

[Giombi, Roiban, Tseytlin "17]
M A_

(V1Y2Y3Y4) = 7;2 - x2 perms TS dza gg“ﬁa K(s, 1, x))05K(s, 1, xz)gy‘sd K(s,t,x3)05K(s, t,x4) + perms| +
12434 J _
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Correlators on the string in static gauge

[Giombi, Roiban, Tseytlin "17]
x| X Xy Xy X X Xy X,

_T2 1 l .
(V1Y2Y3Y4) = 7;2 ERe) perms I d*c gg“ﬁaaK(S, ta-xl)aﬁK(Sa t9x2)g}/5ayK(Sa 1,x3)05K(s, t,x,) + perms| + ...

We find the normalized four-point function takes the form:

(Y1Y2Y3Y4)
— Gfr ()( ) |
V1Y) {V3Y4) - 27T,

Giee¥) + ..,

Where

)(2

(1—p?*

20> =y + 1) =2+y+p -2
— 1 log((1 — ) 3 log 1
(1-y) 2y 2y — 1)

31
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Correlators on the string in static gauge
[Giombi, Roiban, Tseytlin "17]

x| X X3 X X; X Xy X x| X Xy X

T2 1 "
(V1Y2Y3Y4) = 7;2 ERe) perms I d*c gg“ﬁaaK(S, ta-xl)aﬁK(Sa t9x2)g}/5ayK(Sa 1,x3)05K(s, t,x,) + perms| + ...

We find the normalized four-point function takes the form:

(Y1Y2Y3Y4)
— Gfr ()( ) |
V1Y) {V3Y4) - 27T,

Giee¥) + ..,

Where

)(2

(1—p?*

20> =y + 1) =2+y+p -2
— 1 log((1 — ) 3 log 1
(1-y) 2y 2y — 1)
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Part li

OTOCs and scattering amplitudes on the AdS, string



Out-of-time-order correlators (OTOCs)

OTOCs are simple diagnostics of quantum chaos [Larkin, Ovchinnikov '79; Kitaev; Shenker Stanford ‘14, Maldacena SS "15...]
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Out-of-time-order correlators (OTOCs)

OTOCs are simple diagnostics of quantum chaos [Larkin, Ovchinnikov '79; Kitaev; Shenker Stanford ‘14, Maldacena SS "15...]

aQ(t) )2 _ 2
dq(0) |

In a classical chaotic system, the Lyapunov exponent can be defined via Jdpdqe‘ﬁH(p’Q)(
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Out-of-time-order correlators (OTOCs)

OTOCs are simple diagnostics of quantum chaos [Larkin, Ovchinnikov '79; Kitaev; Shenker Stanford ‘14, Maldacena SS "15...]

dq(t) )2 _ o2
0g(0) |

In a classical chaotic system, the Lyapunov exponent can be defined via Jdpdqe‘ﬁH(p’Q)(

The natural generalization in a quantum system is Tr(e_ﬁH[V, W(t)]z). The exponential growth is driven by the out-of-
time-order terms:

(VIOYWHOVO)W (1)),
(VV) ﬂ( WW) 5

=1 — ee' + O(e?)
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Out-of-time-order correlators (OTOCs)

OTOCs are simple diagnostics of quantum chaos [Larkin, Ovchinnikov '79; Kitaev; Shenker Stanford ‘14, Maldacena SS "15...]

aQ(t) )2 _ 2
dq(0) |

In a classical chaotic system, the Lyapunov exponent can be defined via Jdpdqe‘ﬁH(p’Q)(

The natural generalization in a quantum system is Tr(e_ﬁH[V, W(t)]z). The exponential growth is driven by the out-of-
time-order terms:

(VO)W(R)V(O)W(1)), o
=1 —ee™ + O(e?)
(VV)s(WW), v

@—
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Out-of-time-order correlators (OTOCs)

OTOCs are simple diagnostics of quantum chaos [Larkin, Ovchinnikov '79; Kitaev; Shenker Stanford ‘14, Maldacena SS "15...]

dq(1) )2 _ o2

In a classical chaotic system, the Lyapunov exponent can be defined via Jdpdqe_ﬁH(P’Q)( )
q

The natural generalization in a quantum system is Tr(e_ﬁH[V, W(t)]z). The exponential growth is driven by the out-of-
time-order terms:

(VO)W(R)V(O)W(1)), o
=1 —ee™ + O(e”)
(VV)s(WW), v

he quantum Lyapunov exponent satisfies a bound [MSS “15]:

A‘LS_I

p

Y
S

<
@

Einstein gravity saturates this bound [SS "14]. E.g., in /" =4 SYM, (VW())VW(2)), = 1 2 e7! =1 — #GNe%t.
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OTOC on the string via static gauge

We were interested in studying OTOCs in the Wilson line dCFT. To compute the OTOC, we can analytically
6.

continue the euclidean four-point function. Let x; = tan(El) where (setting f = 2x):

it.

, 93=7T+lt, 94
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OTOC on the string via static gauge

We were interested in studying OTOCs in the Wilson line dCFT. To compute the OTOC, we can analytically
6.

continue the euclidean four-point function. Let x; = tan(El) where (setting f = 2x):

o, = 0, == O =n+it,  0,=it
= —, = —, = 7+ if, = it.
1= 27 5 3 4 .
The four point function computed in static gauge is: )
(V1Y2Y3Y4) 1 0,
= Giree(1) Gioc(X) + ..., l
) ava) T 24T T

2+ ..
2y

Where Goo(r) = 1+ ..., Guoo(y) = — “log((1 = )3 + ...
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OTOC on the string via static gauge

We were interested in studying OTOCs in the Wilson line dCFT. To compute the OTOC, we can analytically
6.

continue the euclidean four-point function. Let x; = tan(;l) where (setting f = 2x):

o, = 6, = = 0, = 7+ it 0, = it
= —, = —, =+ it, = it.
1= 275 3 4 .
The four point function computed in static gauge is: )

(V1Y2Y34) 1 0,

— Gfr ()() : Gr ()() + coey
Gy ave) T 28T |
-2+ ... , |
Where Go(¥) = 1 + ..., Gioo(y) = log((1 — y)°) + .... Letting y(¢) = — :
2y ]l —isinht

y@Oyy®) _ e

SANAY 4T,
2 [Maldacena, Stantord, Yang "17; Murata "17;

his saturates the chaos bound: 4; = —. . de Boer, Llabres, Pedraza, Vegh “17]




OTOC up to three-loops

[Ferrero, Meneghelli '21]

(Y1Y2Y3Y4) 1 1 |

Do oy el F 5 Gueeel2) 52561 oopW) + 72,735 Ga-loop ™) + (5,777 Fs-looptd) + -+
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OTOC up to three-loops

[Ferrero, Meneghelli '21]

D1y = Gree(1) : Giree( 1) : G _loop) : G, oo - G, loon) + -
Gy vaysy 0 28T, T 2aT)? T 1TIOOPY T (2aT)3 2TI00PY T (24T 4 3100P
=1+ [—10( — D+ [io( — 1)’ +
=1t | a(x (27zT)2 a(y
: [1210 (x— 1)+ [EIO (y — D* + +
xT,)? | y° S (272'T )4 S
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OTOC up to three-loops

[Ferrero, Meneghelli '21]

(Y1Y2Y3V4) 1 1 1
— Gree | Gree | G | G | G + ...
O oy el g Caed ) F G r Cicloop®) F (s ©a-loop®) * (7 O5-loop®)
2
=14... —log(y—1) + 1 log(y — 1) +
27T | x (27rT )?
1 12 75
lo — 1)} + —10 — D*+ + ...
(24T, Lﬁ sr= b @l [ =
f f t 0 21t 3 3t 75 4¢ f
DAY =l — M 4 taking 1, T, — oo with k = " fixed
(YY){yy) AT, 128TZ 12872  8192T% 167,

1 -1
=—U2,1,x™")
12
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OTOC up to three-loops

[Ferrero, Meneghelli '21]

<y1y2y3y4> = Giree(X) : Giree(X) : G | (y) - : G | (y) G | (y) + ...
(V1722 (Y3)4) 27T, 2xTy? '71OOP (2xT,)3 27'00P (2xT,)* 3-100p
1+ - log(y — 1) + 9 (r—1)*+
= —_ — — 1o —
271 [ x = (27rT )? S
L | gz 1+ 751 =D+
O — — 10 —
Ty | 7 o7 " T S
4 2t 3t 7 4¢ 5
SN — - e ¢ | ¢ - ... taking 1, T, — oo with k = " fixed
(YY){yy) AT, 128TZ 12872  8192T% 167
1
— —2U(2,1,K )
K
This is the same result as in JT gravity(!) t

[Maldaé&na, Stanford, Yang '16; Lam, Mertens, Turiaci, Verlinde 18]



A puzzle

® |s there a simple derivation of this result for the double scaled OTOC?
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A puzzle

® |s there a simple derivation of this result for the double scaled OTOC?

® Can we understand why JT gravity and the AdS, string have the same OTOC?

® Jackiw-Teitelboim (JT) gravity has a boundary graviton that is governed by
the Schwarzian action. Is there a Schwarzian on the AdS, string?

[Banerjee, Kundu, Poojary ‘18; Vegh, 19; Gutiez, Hoyos '22]
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A puzzle

® |s there a simple derivation of this result for the double scaled OTOC?

® Can we understand why JT gravity and the AdS, string have the same OTOC?

® Jackiw-Teitelboim (JT) gravity has a boundary graviton that is governed by
the Schwarzian action. Is there a Schwarzian on the AdS, string?

[Banerjee, Kundu, Poojary ‘18; Vegh, 19; Gutiez, Hoyos '22]

® How do we compute string correlators in the conformal gauge?

49



Scattering on AdS; “wormhole”

XO(Z‘) — Sinh t, xl(t) = COSht

xf—x(%:l p=2n
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Scattering on AdS; “wormhole”

X0 | [Xiao '08; Jensen, Karch "13; Sonner 13, ...]

Xo(t) = sinht, x,(f) = £ cosht — xg + x12 + 72 =1

xf—x(%:l p=72n
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Scattering on AdS; “wormhole”

XO(Z‘) — Sinh t, xl(t) = x COSht XO —

xf—x(%:l p=2n
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OTOC as a scattering amplitude

We begin by writing the OTOC as the overlap of two states: Shenker. Stanford, ‘14

t { f t de Boer, Llabres, Pedraza, Vegh '17]

(V( - 5>W(§)V< ~ 5)“’(;))

53



OTOC as a scattering amplitude

We begin by writing the OTOC as the overlap of two states: Shenker. Stanford, ‘14

t { f t de Boer, Llabres, Pedraza, Vegh '17]

(V( - 5>W(§)V< — 5)“’(;)) = (a|p),

Where |a) = W<5)V( — é) |Q2), and |p) = V( — é)W(é) | C2).

These have the interpretation of “out” and "“in” states for a scattering process on the AdS;
worldsheet
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OTOC as a scattering amplitude

|la) = W(t/2)V(—t/2)| Q)

[€2)
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OTOC as a scattering amplitude

) = W(t/2)V(=1/2) | Q)

V(—t/2)| Q)
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OTOC as a scattering amplitude

|la) = W(t/2)V(—t/2)| Q)

t W
2

W(t/2)V(—t/2)| Q)
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OTOC as a scattering amplitude

|a) = W(/2)V(—1/2)| Q) | B) = V(—t/2)W(t/2)| Q)
% /4 14
v ) i V

W(t/2)V(—t/2)| Q) V(—t/2)W(t/2)| Q)
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OTOC as a scattering amplitude

We write the OTOC as a scattering amp\itude . [Shenker, Stanford, '14; de Boer, Llabres, Pedraza, Vegh ‘17]

4
(ViW3V,Wy) = JH dp¥ 5 (P, 1)@ (P3>3 S (Pl p3: 03> PDY A (03 )P A (P4 1),
=1
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OTOC as a scattering amplitude

We write the OTOC as a scattering amp\itude . [Shenker, Stanford, '14; de Boer, Llabres, Pedraza, Vegh ‘17]

4
(ViW3V,Wy) = JH dp¥ 5 (P, 1)@ (P3>3 S (Pl p3: 03> PDY A (03 )P A (P4 1),
=1

(1 + uv) )A.
(1 +uv)(1+vu,) |
(2ip"v))~
VT2A)p
(2ip*u;)?

VTQ2A)p

The wave functions are FTs of the bulk-boundary propagator, K, = (:A(

‘PA(pua tl) — JdvezipuvKA(Oava tl) — 9(pu)

D, (p’, 1) = JdueZipvuKA(u,o,ri) = 0(p")

Here, (u;, v)) = (—e™%, e").
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OTOC as a scattering amplitude

We write the OTOC as a scattering amp\itude . [Shenker, Stanford, '14; de Boer, Llabres, Pedraza, Vegh ‘17]

4
(ViW3V,Wy) = JH dp¥ 5 (P, 1)@ (P3>3 S (Pl p3: 03> PDY A (03 )P A (P4 1),
=1

(1 + uv) )A.

The wave functions are FTs of the bulk-boundary propagator, K, = CA( (1 + uv)(1 + vu)
uv; VU;

. (2ip"v))~
Yalp 1) = | dve”? 'K (O,v, 1;) = O(p*) :
VT 2A)p
2inY (Zipvui)A
(DA(pva tl) — dl/le P MKA(ua()ati) — 9(]7\/)
VTQ2A)p®

Here, (u, v)) = (—e™%,e").

The S-matrix is diagonal: S(p{, p3; Py, p,) = Py P;0(p{ — P;))o(p;s —pX)eZi‘S(pft’pg .



Scattering on the long flat string

[Dubovsky, Flauger, Gorbenko "12]

. u u P2 UV l 2
e210(P1sp3) — pI5P"P" — o755 where s = 4p"p", €7 = T,
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Scattering on the long flat string

[Dubovsky, Flauger, Gorbenko "12]

. u u P2 UV l 2
e210(P1sp3) — pI5P"P" — o755 where s = 4p"p", €7 = T,

o—iEyt — o —i2E, 1+2i5(s) %

4m°(N; — Np)* R* 4x D -2
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OTOC as a scattering amplitude

We write the OTOC as a scattering amplitude:

u)ZAV V)ZAW—I

(p"y*2vl(p
[Q2A,)Q2Ay)

o 2iP"(vy=v)) , 2ip (wy—u3) it T p“p”

(VIWSVL,W,) = (4v1v2)AV(4u3u4)AWJdp “dp"

2
17

= (V\V, AW, WHK*AVUQRA 1 + 2A, — 2Ay, k7Y, k=
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OTOC as a scattering amplitude

We write the OTOC as a scattering amplitude:

u)2AV V)ZAW—I

(p"y*2vl(p
[Q2A,)Q2Ay)

o 2iP"(vy=v)) , 2ip (wy—u3) it T p“p”

(VIWSVL,W,) = (4v1v2)AV(4u3u4)AWJdp “dp"

it?

A = )3 — uy)
Similar to the case of OTOC:s in Einstein gravity [Shenker, Stanford "14]:

0

Boosts near the horizon: s « €', Gravitational interaction: e with 5grav.

(s) ~ Gys
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OTOC as a scattering amplitude

We write the OTOC as a scattering amplitude:

(pu)zAV_l(pv)ZAW_l P U oV e 02 UV
<V1 W3V2W4> = (4V1V2)AV(4M3M4)AWJdpudpv o 2iP"(n=v1) o 2ip" (uy=u3) , IS PP
CQA)TQ2Ay)
(V, VoMWW )22V UQ2A 1 + 24y — 24, k1) i ¢
— K o L 7T — , K / K = —>
e P Y Y v 4(vi — vo)(uy — uy) 16T

Similar to the case of OTOC:s in Einstein gravity [Shenker, Stanford "14]:

0

Boosts near the horizon: s « €', Gravitational interaction: e with 5grav_

(s) ~ Gys

Essentially the same analysis holds in the case of OTOCs in JT gravity [Lam, Mertens, Turiaci, Verlinde 18]
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Part Il

Computing OTOCs in conformal gauge via the

reparametrization mode
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Lightning review of JT Gravity

Toy model of 2D gravity [Teiltelboim ‘83, Jackiw '85]. Dilaton ¢, metric h, matter field y:

S[¢’ ha y] — SJT[¢9 h] T Sm[ya h]
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Lightning review of JT Gravity

Toy model of 2D gravity [Teiltelboim ‘83, Jackiw '85]. Dilaton ¢, metric h, matter field y:

\)
A

S[p, h,y] = Syleh, h] + S, [y, A AdS,

x/?
Introduce a cut-off curve (s(x),t(x)) along the boundary [Maldacena, Stanford Yang '16] /\_/

<

> [
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Lightning review of JT Gravity

Toy model of 2D gravity [Teiltelboim ‘83, Jackiw '85]. Dilaton ¢, metric h, matter field y:

\)
A

> [

Slg. 1. y] = Syrlp, h] + Sy, L. h] AdS:
.x/?
Introduce a cut-off curve (s(x),t(x)) along the boundary [Maldacena, Stanford Yang '16]
; ¢ J 3 D J i)
S ] = dx{t,x}, S [V, 1] = dxdx’ N
ol ) = - e |l 5211 = = 5 | didy 5050
.i-. 3 .l-.2

Where {f,x} = — —.
r 21
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Lightning review of JT Gravity

Toy model of 2D gravity [Teiltelboim ‘83, Jackiw '85]. Dilaton ¢, metric h, matter field y:

\)

A
S[, h, y] = Syrlep, ] + Sy, h) AdS:
X/r
Introduce a cut-off curve (s(x),t(x)) along the boundary [Maldacena, Stanford Yang '16]
< > [
; ¢ J 3 D [ i)
Sirld, t] = dx{t,x}, S [V, 1] = dxdx’ x)y(xH 7
i1 = == | dx{r.x) 5.1] = == I
3 1+ . |
Where {1, x} = i The partition function becomes:
Z[y] = J@ h@¢@ye‘5[h’¢’y] — J Fte Oschw [HX)] =5 [F:1]

Diff(SV/SL(2,R)

[Kitaev; Almheiri, Polchinksi; Maldacena, Stanford, Yang; Jensen; Mertens, Engelsoy, Verlinde; Bagrets, Altland,
Kamenev; Stanford, Witten; Mertens, Turiaci, Verlinde: Kitaev, Suh; ...] [Mertens, Turiaci ‘22]
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String action in conformal gauge

Integrals over boundary reparametrizations appear in conformal gauge

® |n flat space [Polyakov ‘81, ‘86; Alvarez '83; Fradkin, Tseytlin ‘82; Cohen, Moore, Nelson,
Polchinski ‘86, ...]

® |n AdS [Polyakov, Rychkov, Makeenko, Ambjorn, Oleson, ..."00 - "10 ]
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String action in conformal gauge

Integrals over boundary reparametrizations appear in conformal gauge

® |n flat space [Polyakov ‘81, ‘86; Alvarez '83; Fradkin, Tseytlin ‘82; Cohen, Moore, Nelson,
Polchinski ‘86, ...]

® |n AdS [Polyakov, Rychkov, Makeenko, Ambjorn, Oleson, ..."00 - "10 ]

® Douglas integral for minimal area in flat space [Douglas '31]:

[ 1 r” . r” - X@@) - X(a(z)]?

0 [2 sin(T%T’)]2

A = minimize

a 471'

0
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String action in conformal gauge

We start with the Polyakov action:

TS
S = > sza\/zhaﬂaaXﬂaﬁvaW(X)

dx* + dz*
Here X¥ = (x,z2,), GW(X)dX”dX” - > < dy*, 6% =(s,1).
<
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String action in conformal gauge

We start with the Polyakov action:

TS
S = > sza\/zhaﬂaaXﬂaﬁvaW(X)

dx?* + dz? )
Here X* = (x,z2,y), G, (X)dX*dX" = > dy-, o%=(s,1).
<

We fix the contormal gauge £,,; = ezwéaﬁ and choose the boundary to be at s = 0.
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String action in conformal gauge

We start with the Polyakov action:

TS
S = > sza\/zhaﬂaaXﬂaﬁvaW(X)

dx?* + dz? )
Here X* = (x,z2,y), G, (X)dX*dX" = > dy-, o%=(s,1).
<

We fix the contormal gauge £,,; = ezwéaﬁ and choose the boundary to be at s = 0. This leaves the residual SL(2,R)
symmetry:
a(t+1is)+ b

[+ 1s — : :
c(t+1is)+d

Where a,b,c,d € R and ad — bc = 1.

/6



String action in conformal gauge

We start with the Polyakov action:

TS
S = > sza\/zhaﬂaaXﬂaﬁvaW(X)

dx?* + dz? )
Here X* = (x,z2,y), G, (X)dX*dX" = > dy-, o%=(s,1).
<

We fix the contormal gauge £,,; = ezwéaﬁ and choose the boundary to be at s = 0. This leaves the residual SL(2,R)
symmetry:
a(t+1is)+ b

[+ 1s — : :
c(t+1is)+d

Where a,b,c,d € R and ad — bc = 1.
The condition for the string X¥(s, f) to be incident on the curve X#(A) is:
X*(0,1) = XH(a(2)),

where a(?) is a reparametrization of the boundary
77



String action in conformal gauge

Equations of motion:

| oM

T, 5XH

vp-a

1
=~ 0,Gu0"X) +50,G,,0,X0°X’

Subject to BC: X#(0,1) = X*(a(t))

/8



String action in conformal gauge

Equations of motion:

0= L o5 = 0.(G,  0%X") 18 G. 0 XY0*X”
). Q HTHe
Subject to BC: X#(0,1) = X*(a(t))
Virasoro constraint:
i 2 oS |
0=T, Taﬂ — = aaX/@ﬂX” G,m/ — —haﬂéyXﬂdyX” G/w
TS\/Z oheb 2
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String action in conformal gauge

Equations of motion:

= L o5 = 0.(G, 0%°X") 18 G. 0 XY0*X”
). Q HTHe
Subject to BC: X#(0,1) = X*(a(t))
Virasoro constraint:
i 2 oS |
0=T, Taﬂ — = aaX/@ﬂX” G,m/ — —haﬂéyXﬂdyX” G/w
TS\/Z oheb 2

Classical action:

Sq[X] = S[X]

Virasoro
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String action in conformal gauge

Equations of motion:

= L o5 = 0.(G, 0%°X") 18 G 0 .XY0*XP

). Q HTHe
Subject to BC: X#(0,1) = X*(a(t))
Virasoro constraint:

0=T7IT ,= 2% _ d_X*0,X'G lh 0. X*o'X'G
— s Lap — TS\/Z Shab — a J UL N afy Uy

Classical action:

Sq[X1 = S[X1| . — S[X] |

Virasoro extremize a

81



Virasoro constraint = extremization over reparametrizations

Let X*(0) solve the EOM with BC X#(0,1) = X*(a(?)) . If a(t) = a(t) + da(t), the variation in the on-shell action is:

oo(t)
0S5 = do"T, 00" = | dtT(0,1) .
o (1)
. oat) _ . . .
with s = 0 and 0t = . This is somewhat analogous to Hamilton-Jacobi: 65 = p(t)oq(ty) — p(t,)04(t;).

a(t)
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Virasoro constraint = extremization over reparametrizations

Let X*(0) solve the EOM with BC X#(0,1) = X*(a(?)) . If a(t) = a(t) + da(t), the variation in the on-shell action is:

oo(t)
08 = [do®T,p00” = | diT,(0,1) .
(1)
. oat) _ . . .
with s = 0 and 0t = ) This is somewhat analogous to Hamilton-Jacobi: 65 = p(t)oq(ty) — p(t,)04(t;).
x
03 L
Thus — = 0 implies T,(0,r) = 0.

oo
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Virasoro constraint = extremization over reparametrizations

Let X*(0) solve the EOM with BC X#(0,1) = X*(a(?)) . If a(t) = a(t) + da(t), the variation in the on-shell action is:

oo(t)
08 = [do®T,p00” = | diT,(0,1) .
(1)
. oat) _ . . .
with s = 0 and 0t = ) This is somewhat analogous to Hamilton-Jacobi: 65 = p(t)oq(ty) — p(t,)04(t;).
x
oS o
Thus — = 0 implies T,(0,r) = 0.
oo

Recall that T = T, + iT,, satisfies 0T = 0.
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Virasoro constraint = extremization over reparametrizations

Let X*(0) solve the EOM with BC X#(0,1) = X*(a(?)) . If a(t) = a(t) + da(t), the variation in the on-shell action is:

oo(t)
08 = [do®T,p00” = | diT,(0,1) .
(1)
. oat) _ . . .
with s = 0 and 0t = ) This is somewhat analogous to Hamilton-Jacobi: 65 = p(t)oq(ty) — p(t,)04(t;).
x
oS o
Thus — = 0 implies T,(0,r) = 0.
oo

Recall that T = T, + iT,, satisfies 0T = 0.
It fis holomorphic in the UHP with zero imaginary part on the real axis, then f = 0. Thus, we conclude:

1(s,1) = Taﬁ(s, 1) = 0.
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The AdS, string in conformal gauge

Let's see how far we can get with the string in AdS, x S':

S = 8,[x,z] + S;{y] + T,A

Where
T 0,x0°x + 0,20z 2 T, 1
S;[x,z] = ijdza . . , Syl = —szﬁﬁayda , A= szv—
2 72 52 2 52

And the BCs are:

x(0,) =a(),  20,0=0,  y(0,) = F(a).

& (x, J))

X
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Transverse action

T
Stly] = ES [dzo'@ay@“y, y(0,1) = y(a(?)).
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Transverse action

T
Stly] = ES [dzo'@ay@“y, y(0,1) = y(a(?)).

EOM and its solution is:
0,0y =0,  y(s,1) = Jdt'K(s, t, 1)y(a(r)),

1 )
Where K(s,t,t") = .
( ) 7 (t—1)2
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Transverse action

T
Stly] = ES [dzo'@ay@“y, y(0,1) = y(a(?)).

EOM and its solution is:
0,0y =0,  y(s,1) = Jdt'K(s, t, 1)y(a(r)),

| )
Where K(s,t,1") = . The action becomes:
7 (t—1)2

Y(a(t))y(a(t)) 1 J gy D) —?(a(t’)))z.
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Longitudinal action

T 0,x0°x + 0,207 2

S;lx, z] = TSJdZG [ > 2| x(0,0)) = a(r), z(0,r) =0.
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Longitudinal action

T, 0,x0°x + 0,20% 2
Splx 2l = — sza l l

> 2 x(0,0)) = a(r), z(0,r) =0.

EOM:

1 a 1 04 1 a 04
0, ?ax =0, 0, ?(32 +§(a X0,x + 0°z0,z) = 0.
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Longitudinal action

T, [, |0x0°x+0,20% 2
S;[x,z] =—|d°o , x(0,1) = a(t), z(0,t) =0
2 z? s
EOM:
1 Ot’ 1 a 1 a a
0, Zza =0, 0, Zaz +;(a X0,x + 0°z0,z) = 0.

Expanding a(t) = t + €(7), then to quadratic order in €(?): [Polyakov Rychkov '00; Rychkov ‘02; Makeenko,
Ambjorn 11]

6T, Jdtdt e(De(?) (&(0) — &(t))?

S, = ddt’
L (t — t')* T on J (t — t')2

T

Q) :
Setting €(f) = Jz—e_’wte(w), in Fourier space this becomes
T

T,
S; = dee(w)e( W) | @ |

27 92



Longitudinal action: general properties

T, [, |9,x0"x+ 0,207 2
S;lx, z] = B d-o [ x(0.0) = a(®), z(0,1) =0
\)

72
Symmetries: SL(2,R); X SL(2,R)x

SL(2,R); : x+ iz — f(x + iz), SL(2,R)p : t+is = f(t + is),

aw + b
Where f(w) = a,b,c,de Randad - bc =1.
cw+d
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Longitudinal action: general properties

T, [, |9,x0"x+ 0,207 2
S;lx, z] = B d-o [ x(0.0) = a(®), z(0,1) =0
\)

72
Symmetries: SL(2,R); X SL(2,R)x

SL(2,R); : x+ iz — f(x + iz), SL(2,R)p : t+is = f(t + is),

aw + b
Where f(w) = a,b,c,de Randad - bc =1.
cw+d

Solution near the boundary [Polyakov, Rychkov ‘00]:

a0
2

g(1) 3 h(1) 3

x(s, 1) = a(?) + O(s¥), 7(s, 1) = a(f)s 1 + O(s%).
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Longitudinal action: perturbative analysis

With transverse modes turned off (y = 0), extremizing a(f) imposes:

at+ b | a(t+1is)+ b
a(t) = , X+ 1z = - :
ct+d c(t+is)+d
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Longitudinal action: perturbative analysis

With transverse modes turned off (y = 0), extremizing a(f) imposes:

at+ b | a(t+1is)+ b
a(t) = , X+ 1z = - :
ct+d c(t+is)+d

This is because the Virasoro constraint without transverse modes becomes:

0, X0pX + 0,205z 1  0'Xx0,x+ 0"20,2

—_ 7L _
O_Taﬁ_ Zz 25065

Z2
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Longitudinal action: perturbative analysis

With transverse modes turned off (y = 0), extremizing a(f) imposes:

at+ b | a(t+1is)+ b
a(t) = , X+ 1z = - :
ct+d c(t+is)+d

This is because the Virasoro constraint without transverse modes becomes:

0, X0pX + 0,205z 1  0'Xx0,x+ 0"20,2

—_ 7L _
O_Taﬁ_ Zz 25065

Z2

Letting X = x + iz, and T" = T% + iT*;, this can be written as

80X0X

0=T"= —
(X — X)?
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Longitudinal action: perturbative analysis

With transverse modes turned off (y = 0), extremizing a(f) imposes:

at+ b | a(t+1is)+ b
a(t) = , X+ 1z = - :
ct+d c(t+is)+d

This is because the Virasoro constraint without transverse modes becomes:

0, X0pX + 0,205z 1  0'Xx0,x+ 0"20,2

—_ 7L _
O_Taﬁ_ Zz 25065

Z2

Letting X = x + iz, and T" = T% + iT*;, this can be written as

80X0X

0=T"= —
(X — X)?

So 0X =0 (or 90X = 0).
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Longitudinal action: perturbative analysis

Let a(t) = t+ €e(t), x(s,t) =t+ &(s, 1), z(s,t) =5+ (s, 1).
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Longitudinal action: perturbative analysis

Leta(t) =t +e(t), x(s,t) =1+ E&(s, 1), z(s,1) =5+ {(s,1). The EOM becomes:

0=s(E+E&) =2+, 0=s({+&)+2(E-O),

With BCs: £(0,f1) = e¢(¥), £(0,r) =0.
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Longitudinal action: perturbative analysis

Leta(t) =t +e(t), x(s,t) =1+ E&(s, 1), z(s,1) =5+ {(s,1). The EOM becomes:
0=s(5+&") =2+, 0=s(+¢N+2 -0,
With BCs: £(0,7) = e¢(¥), £(0,f) = 0. The solutions are:
E(s, 1) = [dt’Kx(s, t, the(t), C(s, 1) = [dt’KZ(s, t, te(t),

Where

302 (4 __ N2 dee o
PP L el el 8 sHt—1)

7 (24 (t—-1))3" Rds. 1) = m(s2+(t—1)2)3
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Longitudinal action: perturbative analysis

The longitudinal action becomes:

| | |
§2 g2 g3 $3 4 $3 252

- / / 2 - a o
SL:TS[%[& 22 AT 30 2w FRL+IOL

Integration by parts

at) ,

x(s, 1) = a(?) s+ 0(s?), z(s,1) = a(®)s + O(s>).
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Longitudinal action: perturbative analysis

The longitudinal action becomes:

| |
§2 g2 g3 $3 4 $3 252

- / / 2 - a o
SL:TS[%[& d 2 AC 30 Ul FOL+IOL

Integration by parts

at) ,

x(s, 1) = a(?) s+ 0(s?), z(s,1) = a(®)s + O(s>).

T T
— 4S Jdtf((),t)f”’((),t) — 4S Iim Jdtdt’e(t)e(t’)K;c”(S, t, 1)
s—07F
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Longitudinal action: perturbative analysis

The longitudinal action becomes:

| |
§2 g2 g3 $3 4 $3 252

- / / 2 - a o
SL:TS[%[& d 2 AC 30 Ul FOL+IOL

Integration by parts

x(s, 1) = a(?) ;)52 + 0(s?), z(s,1) = a(®)s + O(s?).
TS TS .
— ; Jdt&(o,t)f”’((),t) — y lim Jdtdt’e(t)e(t’)K)’c”(s, t, 1)
s—0F
67T Ne(t 1) — &(1))?
_ SJdtdt,eoe() J‘”‘” () = e))?*
T (t—1t)* 27r (t —t')?
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From line to circle

We can map from the line to the circle by setting = tan(z/2), a(t) = tan(a(z)/2).

Expanding a(t) =t + €(1), a(r) = t + €(7), we have (1) = 26082(1'/2)6(1) + O(e?).

This gives the transverse action:

TS
Sry(a(r)] = — gy

And the longitudinal action:

drdt’

drdt’

y(a())y(a(r))

e(r)e(tr’)

[2 sin(

[2 sin(%

)]’

T—1

2

)

I | [§(a(2)) = 3(@(2)]”

= — | dzd7’ —
[2s1n( . )]

(@) = é()” = (e(2) = 6(7’))2.

drdr —
[2 SIH(T)]

Letting e(7) = Z e e, we find the longitudinal action in Fourier space:

nesz

Note: n =0, £ 1 are zero modes.

S, =4nT, ) |n|(n? - De,e_,
n=2
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Reparametrization path integral

The result of the classical analysis of the string in conformal gauge is:

Z[ﬂ ~ e Pl = extremize{e‘SL[“]—ST[?(a)]}
a
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Reparametrization path integral

The result of the classical analysis of the string in conformal gauge is:

Z[ﬂ ~ e Pl = extremize{e‘SL[“]—ST[?(a)]}
a

Now promote this to an integral over reparametrizations [Rychkov '02; Ambjorn, Makeenko 12, ... I

Z[j}] ~ J'@ae_SL[a]—STW(G)]
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Reparametrization path integral

The result of the classical analysis of the string in conformal gauge is:

Z[ﬂ ~ e Pl = extremize{e‘SL[“]—ST[?(a)]}
a

Now promote this to an integral over reparametrizations [Rychkov '02: Ambijorn, Makeenko 12, ... ]:
° 9 > y J
Z[j}] ~ J'@ae_SL[a]—STW(G)]

This only captures a part of the full string non-linear sigma model partition function, which is
schematically given by [Polyakov, ...]:

Z[j}] — J@h@Z@X@ng@e_S — J@a/|'@b@c@x@z@ygge_S_ng_Sghost

Nonetheless, let’s see what we can get out of the rep. path integral.
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Correlators in the rep. path integral

1 ~ g~ ~ ) o~
Recall that (y(0,)...) = —< - ...>Z[j7] | .y only appears in S/{y(a)] = ¥ JdeT, y(a(r))y(a(r)) which
Z 5}’(6’1) y=0 27[ [2 Sln(ﬂ)] 2
satisfies: >
5°S; T,  AO)PO,) T
— = —B(@,,0
OO 7 (2 in(POLE ) T 7 (01,0,)

2

Where a(f(0)) = 0, p(a(r)) = .
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Correlators in the rep. path integral

Recall that (y(0,)...) = l( - ...>Z[j7] | .y only appears in S/{y(a)] = ¥ JdeT, y(a(z))y(a(r)) which
satisfies: —
5°S; T,  AO)PO,) T
— = —B(@,,0
0y(6,)0y(6,) T (2 SiIl( p(6,) ;3(92) >]2 T (6, 05)

Where a(f(0)) = 0, f(a(r)) = z. Thus, two and four-point functions take the form:

TS
(y(O0)y(0,)) = — J@ae —ulelpg,, 0,),

T
TZ
(y(0))...y(0y)) = — JSZUM_SLM [B(Ql, 6,)B(0;,0,) + 2 perms] .

T2
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Correlators in the rep. path integral

Recall that (y(0,)...) = l( - ...>Z[j7] | .y only appears in S/{y(a)] = ¥ JdeT, y(a(z))y(a(r)) which
Z \ 6y(6,) 5=0 > 2 sin(T;T/)]z
satisfies: —
5°S; T,  AO)PO,) T
— = —B(@,,0
0y(6,)0y(6,) T (2 SiIl( p(6,) ;3(92) >]2 T (6, 05)

Where a(f(0)) = 0, f(a(r)) = z. Thus, two and four-point functions take the form:

TS
(y(O0)y(0,)) = — J@ae —ulelpg,, 0,),

T
TZ
(¥(6))...y(0y)) = ﬂ—sz JQGB_SL[“] [B(Ql, 6,)B(65,6,) + 2 perms] .

For convenience, we introduce “fictitious” operators V and W, which obey:

(V(O)V(O,)) = J@ae‘SL[“]B(Hl, 0,)%v,  (V(0)V(O,)W(0;)W(0,)) = J@ae‘sL[“]B(Ql, 0,)2VB(6,, 0,)2W.
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SL(2,R) X SL(2,R) in rep. path integral
Recall that we have two SL(2,R) symmetries:

a'B(t) + b’
B +d

at + b
ct+d

UM@*G( )ﬁ@>

This is a gauge symmetry, and needs to be gauge fixed in the path integral. For our perturbative
analysis, it is sufficient to write:

Do = deOdelde_IHdende_n

n>2
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SL(2,R) X SL(2,R) in rep. path integral
Recall that we have two SL(2,R) symmetries:

a'B(t) + b’
B +d

at + b
ct+d

UM@*G( )ﬁ@>

This is a gauge symmetry, and needs to be gauge fixed in the path integral. For our perturbative
analysis, it is sufficient to write:

Do = deOdelde_IHdende_n

n>2

This is a physical symmetry and leads to Ward identities of the form:

(V(0)V(0,)) = f (91)Avf (Qz)AV< V(f(O))V(f(6,))).
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Perturbation theory in the reparametrization path integral
Let a(7) = 7 + €(7). Then B(0) = 6 — e€(0) + O(e?), and

(0)P(0 I 0
B(O,.0,) = — ﬁ(le)f E ;()H) = —— (14 €(0) + €6y — (e(6)) — e(B))cot —= + O(e?)).
[2 Sin( 1 > - )]2 [2 sin %]2 2

=9%,(00,,6,)
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Perturbation theory in the reparametrization path integral
Let a(7) = 7 + €(7). Then B(0) = 6 — e€(0) + O(e?), and

B(0,,0,) = POIKE) = : (14 é(0,) + é(0,) — (e(8;) — €(6,))cot % + 0(e?)).

[2 sin ( A0~ %) )12 [2sin %]2

2

=%,(6,.0,)
The € propagator in Fourier space is given by (forn # 0, £ 1):

1

€€, )= 0 .
< n m> 47TTS‘FZ‘(I’12 _ 1) n+m,0

In position space:

1 e 1 | Y ., 0
(e(0)e(0)) = D = — |a+bcos®+—sin? —log  4sin? = )|.
47T, et in|(n2—-1) T, 27 2 2
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Perturbation theory in the reparametrization path integral

Let a(f) = t + e(f). Then B(x) = x — e(x) + O(e?), and

B ,B(x1)ﬁ(x2) _ L : : 2 _ 2
B(x,,x,) = G — Py 7 (14 é(x)) + é(x,) - (e(x)) — €(xy)) + O(e?)).
9551(;1952)

The € propagator in Fourier space is given by:

In position space:
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Tree-level four-point function

(V(O)V(0,)W(0;)W(0,)) =

01212 03412 (1+ AyA(B (6, 60,)B,(65,6)) + O(1ITY)),
[2 sin %2] [2 sin %]

Where

N _
4+ =L log ((1 - )]

(%1(0,0,)9%(05,0,)) = aaT [ P
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Tree-level four-point function

<V(91)V(92)W(‘93)W(94)> —

(1 + AyAy{A,(0,,0,)A,(05,0,)) + O(I/Tsz))’

[2 Sin %]2[2 Sin %]2
Where
1 2 —y
($B1(0,,0,)%5,(65,0,)) = il 44 p log ((1 = x)%)|.

Setting Ay, = Ay, = 1 and writing:

(v(0))y(0,)y(65)y(0,)) = (V(O,)V(B,)W(O;)W(b,)) + 2 permutations,

This reproduces the tree-level correlator in static gauge.
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Doubled-scaled OTOC

Now we use the reparametrization path integral to compute the OTOC in the double scaling limit. We
keep only the quadratic action. This corresponds to resuming all reparametrization mode exchanges.

The computation is easiest on the line, in which case we can write:

a0 (1+¢,) 1 L[ oaci —p(+3D)
(1+¢€)> =——e%" 7, — = dpp“~""e K
da (1+5pa  TQA)

l
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Doubled-scaled OTOC

ViV,WWy) H o™ [Hea.JmPZAV_ldpe—PJm quV_ldqe—qu
(ViV) (W3 Wy) ol |+ o ['(ZAy) o 1'(Ay)

Where

4

€ u 1 € € )
X = {exp( p:z qxzj | za,.él.»:exp(E(_pxz qxzj | Z}a,.e,.) ).
=1 1=
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Doubled-scaled OTOC

V. V- W. W aAi o0 ZAV—ld o0 2Av—ld
(ViV,W3 W) =H E [HeaiJ' P Pe_pJ q qe‘qu
ViV)(WsWy) 2200 [ o ['(ZAy) o 1'(Ay)
Where
€ €4 N 1 €2 64 O . \2
X = <exp( p q | Z(xiei» :exp<—(—p q | Zal-el-) >
X12 X34 2 12 34 o

e
In the double scaling limit, log X = ! (€19€34) + ... = — Kpq where . Theretore:
X12X34 16TS

(ViVLW3W,) J'OO pZAV_ldpe—me quW_ldqe—qe—qu

(ViVLOWWSW,) ), TQ2Ay) ), TQRAy)
= k*AVUQRA 1L +2A, — 2Ay, k7).

In agreement with the scattering result.
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Summary

® \We saw that the double scaled OTOC could be understood as a holographic scattering process
on the string worldsheet in the manner of [SS’ 14], with the interaction governed by the flat
string S-matrix [DFG "12]. See also [de Boer, Llabres, Pedraza, Vegh "17].

® The scattering result agrees to 3-loops with the analytic result of [Ferrero, Meneghelli '21].

® \We also clarified the role of the boundary reparametrization mode in the computation of the
string boundary correlators in conformal gauge, and used it to derive the OTOC in the
Lyapunov regime and (more heuristically) in the double scaling limit.

122



Open questions

Can the reparametrization path integral be defined more precisely and used to compute other
observables?

® Tree-level (classical) contributions to higher-point correlators [WIP w/ Giombi, Komatsu, Shan]

® | oop corrections to two- or four-point functions? Partition function?

s there a similar reparametrization action for the AdS,; string in AdS3?

What about a non- AdS, string in AdS; or in AdS; X S!?
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Thank you for listening



Extra slides
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Lightning review of JT Gravity s

> [

Action:

1
SJT[¢a h] = SGauss—Bonnet 16JZ'GN [J' dzg\/%¢(R +2) + 2J dx\/ hxx¢(K — 1)] '
/A B

h
Sy, h] = [ d%% <h“ﬂdayaﬂy + m2y2>,
M

Boundary conditions along a boundary curve (s(x), #(x)):

RV IETRY.
p = SOTHIOT 1. 1) =

xx 52(x) €2

L 0, ) = 22
€ €

The metric BC implies: s(x) = ef(x) + O(e?). Note also that: R=—2and K =1 + e*{t,x} + O(e?
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Wilson loops as versatile observables

® Higher representations dual to D-branes [Drukker, Fill ‘05; Yamaguchi ‘06; Gomis, Passerini
‘06, ...]

® Different contours preserving different fractions of supercontormal symmetry [Zarembo '02;
Drukker, Giombi, Ricci, Trancanelli ‘O7]

® Can study the anomalous dimensions of cusps [Correa, Henn, Maldacena, Sever "12; Correa,
Maldacena, Sever ‘12; Drukker "12; Gromov, Levkovich-Masyluk 15]
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Kruskal and Schwarzschild coordinates on AdS-
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Virasoro constraint = extremization over reparametrizations

Let X*(0) solve the EOM with BC X#(0,t) = X*(a(?)) . Claim: if a(t) — a(t) + da(t), the variation in the action
1S:

oa(t)
oS = | diT,(0,1) .
a(?)
Let X“(0) solve the EOM subject to X#(0,f) = X*(a(?) + da(?)) . It can be represented as X*(¢) = X*(c + 60).
oa(?) o .
't follows that 0s(0,7) = 0 and 6#(0,7) = 0 The variation in the action is:
9
oS |
05 = [dza—éX” = — —jdzaTaﬁéh“ﬂ
OXH 2

Where 6X* = 66°0,X"(c) and 6h*’ = — 0°66” — 0P66°. This leads to:
5S = [dzaTaﬂéaéaﬂ = [dzaﬁaTaﬁéaﬂ — JdtTSﬁéaﬂ

129



Tree-level 4 and 6-point functions with multiple scalars




OTOC on the string via “shockwaves” Murata '17,
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OTOC on the string via “shockwaves” Murata '17,

L1 [Vegh "15 - "19]

Z
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OTOC on the string via “shockwaves” Murata '17,
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OTOC on the string via “shockwaves” Murata '17,

v=vVv'+vy
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OTOC on the string via “shockwaves” Murata '17,

v=v'+vy
U
fAV:}/
O
—u’ Wherey=—ae‘”
2a
VW) VW(t W) V,VW(t 1 Ay oa
(YWOVW©O) _ (WOVRVW®) A,

(VVWW)  (VgV(WW) C(+lpa o 2a a



